GRADE 10 ANALYTICAL GEOMETRY

CHAPTER S ANATYTICAL GEOMETRY

Analytical Geometry is the study of Geometry, using the Cartesian plane. It is an algebraic
approach to the study of Geometry. In this chapter, we will address the following concepts:

s The distance between two points (length of a line segment).

 The midpoint of a line segment.
s The gradient of a line.

THE DISTANCE BETWEEN TWO POINTS (LENGTH OF A LINE SEGMENT)

Suppose that we wish to calculate the length of line segment AB, with endpoints A(—2;-2)
and B(3;2).

Consider the diagram below. The movement from A to B has been indicated. A right-angled
triangle ABC is formed, with lengths AC =4 (4 vots up) and CB =3 (3 vmits right).

-
' The theorem of Pythgoras can now be used to calculate
the length of AB:
C Sunjtsnght B(3:2) - AB® =BC’ + AC’
r 7 . .
£ . AB® = (horizontal movement)” + (vertical movement)®
- f: = - X SABT =5 +4"=41
8 :/ ~AB=4f11=6.40
A(-2;-2)
Y
We can generalise this concept to create what 1s known as the “IDisiance Formula™.
Consider any two points A(x, :¥,) and B{xg : yg)
47
From the diagram alongside:
Clx, ;v B(x, : Vs ) BC = honzontal movement = x, —x,
1 AC = vertical movement =y, —¥,
- AB® =BC” + AC”" Pythagoras
o AR? ={xy —x }; +{yg—¥ j|3
- ] - B YA 1 B~ ¥a 1
/ "‘ﬂB=\|I'|:IB —x3 )" +(¥g —¥a)”
Alx, s v N
¥

The formula to calculate the length of a line segment between points A and B,
with A{x, : v,) and Bixg: ). is:

AB' = (x5 _I.a]] +()g — .‘-:.-1.3'; or AB= ‘\f':x:-l- _-‘l'.:.:'] +(¥s —Va }l




EXAMPLE 1

1I

1 -
Calculate the lengths of hine segments C({-5.6) B(3:7)

AB and CD in the given diagram.

A(2:3)
D(-2:1)
- |
Solutions M
2 2 2 2 2 2

(a) AB =(xg—xa4)" +(¥—ya) (b) CD" =(xp—xc)” +(¥p—¥c)

AB* =(5-2y +(7-3)° CD? =(—2—(-5))* +(1-6)°

AB? =(3)° +(4)° CD” =(3)" +(-3)°

AB? =25 CD® =34

AB=4f25 =5 units CD =+/34 = 5,83 units
APPLICATIONS OF THE DISTANCE FORMULA
EXAMPLE 2 Rt

—2- : B{(5.7

In the diagram_ the vertices of AABC C(=2:6) )
are A(2:3). B(5:7) and C(-2:6). '<
(a) Show that AABC is an isosceles triangle.
(=) Calculate the perimeter of AABC

cotrect to one decimal place. A(2:3)
Solutions “ -
- v
(a) We can show that AABC is an isosceles triangle by proving two sides equal From the

diagram above, the obvious choice is to prove that AB=AC.

AB” =(x5 —x, )" +{¥g —¥a) ACT =(x; —x, )" + (¥ —¥a)

AB'=(5-2" +(7-3)° ACt =(—2-2* +(6-3)°

AB* =25 AC? =25

AB =+/25 =5 units AC =+/25 =5 units

SLAB=AC

(L= The perimeter of AABC 1s the sum of its three sides:

BC” =(x¢ —xn}z +{¥c _."*'B:']

BC? =(-2-5)° +(6-T7)"

BC? =30
BC =[50

Penmeter = AB+ AC+BC
. Perimeter = 5+5++/350 =17,071...=17_1 units



THE MIDPOINT OF A LINE SEGMENT

The mudpomnt of a line segment 13 the halfway mark on the line segment. Consider the
numbers 1 and 7 for example. Halfway between 1 and 7 1s 4. How do we get to 47 One way 15
to take the difference between 1 and 7 (which 15 6), half that (which 15 3), and then add this 3
to the 1 to get to 4. (You could also subtract 3 from 7 to get to 4).

: L : 6 units
The diagram on the right illustrates this approach. —_—
3 units 3 umis
: | :
! | L
1 4 /
7+1 8
A guicker approach 15 to add the two end values —=5=4
and then divide the answer by 1. I _ r i
1 4 7

This 15 basically working out the average of the two end values.
If we apply this concept to a line segment joining two points on the Cartesian plane, we can
easily find the mudpomnt of the line segment by calculating the average of the x-values and the
average of the y-values.

1

M(xy : ¥r) = M| average of the x-values ; average of the y-values / Bixg : ¥a)

[ Xa+Xp Va+¥g |
-'-M{x_u;mIFME A B:‘ATJB ,| Mix,, : V)

) -+ /m RN
-~

Alx, ;¥) Y

The formula to calculate the midpoint of a line segment between points A and B,
Xg+Xp  ¥a+)p |
2 72

with A(xy :v,) and B(vg:yg) st Mix:yy)=M|




EXAMPLE 5

Determine the coordinates of M, if M is the midpoint of ine segment AB, where A(2 ;1) and
B(8:3). .
M B{8:3)

Solution

M[’ X, +Xy . Yo+ Ve "| AQ:1)

EXAMPIFE 6
Calculate the nudpoints of line segments AB and CD in the given sketch.

Solutions
Midpoint of AB is M: C(-2:0)
+ 'y + g |
I'I‘Il::.f],‘.[ 1_“] M IA.—..xB;ILAqJBl
2 2 ) N
r1+5 3+ |
2 ) D(-1;2 .
..M[E!-;S] - >
Midpoint of CD is N: v
X+ X ¥c+¥n |
Niry s ) =N 22D Y 10

W =

=3+(-1) 6+2)
"L[ T2 F

S N(-3:4)

APPLICATIONS OF THE MIDPOINT FOEMULA

EXAMPLE 7

Determine the values of x and y if M(5:2) is the midpoint of the line segment joining the
points A{x:1) and B(8: ).

Solution M(5:2 B(E:»)
_ Xa +IE _ ¥a +I'L"B -1
M= =T - *M"’] > v
. x+8 4 1+y
Sed = L=
2 2
10=x+8 4=1+w
x=2 y=3



THE GRADIENT OF A LINE SEGMENT

Gradient (or slope) measures the steepness and direction of a line. A line can either slant up
(eradient is positive), slant down (gradient 15 negative), be horizontal (gradient 15 zero) or be
vertical (gradient is undefined). The symbol used for gradient 13 m.

In Grade 9 we calculated the gradient of a line using the concept of “rise over run”. In other
words: Gradient = change m y-values _ 1.?#11:31 movement |
change in x-values horizontal movement

This can easily be translated into a formula. For any two points A(x, :¥,) and B(xg ; yg):
Vertical movement = y — ¥, and Horizontal movement = xp —x, .
J._I
horizoptal movement B(x, :vy)

i —— - -
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A formula to calculate the gradient of a line joining two peints A and B, witl

Aflxy 1yy) and Blag:yg) is: mpg _JB TN

EXAMPLE 9

Calculate the gradients of the following lines using the formmla for gradient.

.
D{—-1;3)
C(-5:1) |
o t
/ G(1;-1)
E(-5:-2)
¥ H(5:-4)
Solutions
J'B _J'A 1_3 _2 1 -
Mag = = =—=—— (slopes down from left to right)
g —Xa 6-—-2 4 2
mp-dp—¥c_ 371 2 1 (slopes up from left to rizht)
P —x -1-(5) 4 2 pesTE g
w—¥g 1-(-2) 3
mEF=JF JE _ { :I=: (slopes up from left to right)
x—xg 2-(-3) 7
Moy = JH Yo _ _4__{_1} = = = 3 (slopes down from left to right)

Iy —ig 5-1 4 4



APPLICATIONS OF GEADIENT

Parallel lines

Parallel lines slope in the exactly the same divection and will therefore never infersect
Differently stated: Lines that are parallel have equal gradients.

F Wy
B(3: 3)
l_,.--""'!
]
4 = 4 Dy5: 1)
1 e 3 f’/
3
- < /,-*’"' > x
A-3:- JEd
L~
]
C{—3:—-4) ¥
For any pair of parallel lines AB and CD: Mg = Miop

EXAMPLE 10
Given are the points A(—1:5). B{-2;3), C(9:10) and D(5; 2). Show that AB|/CD.

Solution
?‘?‘!_1'3=}.B_}.A= 3-5 _ —2 =—_3=2 rrT:D='1.D_'1.E=l_1'D=_—E=:
) xg—x4 —2-(C-1) -2+1 -1 Xp—x 3-9 4
. "fJ!LE = "f:E_-
L AB|CD
Collinear points _
F
Points are said to be collinear when they
lie on the same line. Refer to the diagram.
A. B and C lie on the same line and are
therefore collinear. This imyplies that the 5
gradients between each pair of points Ci:3
are the same. ]
4
-
_.--""f
= &
3

. P T

= L=

Al—-3:-F) 9

Y



When points A, B and C are collinear:

Mag — Mac = Mo

In other words: Mg = Mg and Mg = Mg and My = Mg

EXAMPLE 11

Show that the points A, B and C are collinear if the coordinates of the points are:

A(2:-2). B{1:1) and C(-1;7).

Solution

We will consider the gradients of AB and BC, but any other pair could have been used.

n:qB=JE_}IA=1_(_1]=i=—3 and
) g —Xa 1-2 -1
T

Therefore A_ B and C are collinear.

Perpendicular lines

Perpendicular lines mtersect at a 90°

angle. The gradients of perpendicular

lines have a particular property.

Consider the diagram on the nght.

Firstly:

The gradients of the lines have opposite
signs. AB has a positive gradient whereas
CD has a negative gradient.

Secondly:

The gradients (ignoring signs) are reciprocals
of one another. In other words, the horizontal

Ye=ys _T1-1_6

= L =3
B —x  1-1 2
D(-4:6) [
B(3; 5)
™
N P
N A
TR
3 '-’.F.I’ '\
| S N adl N T
\'\.
A-1-b N\
" Cl:z._ﬂ'}

movement of AR is the vertical movement of CD and wice versa.

This can be summarised by the following relationship: The product of the gradients of
AB and CD will equal -1 when AB is perpendicular to CD.

For any pair of perpendicular lines AB and CD:

Mg Xmep = -1

EXAMPLE 12

Given are the pomnts A(3;-3), B(6;-7). C(-5:0) and D(-1;3).

Show that AB 15 perpendicular to CD.

Solution
e —YB"Ya _—T-(3) -—T+3 4
AR
_‘-I:'B —J’A 5—3 3 3

- Yo=Y 3- 3 i
D = - 5
xp—Xx —1-(-3) -1+3 4

&

3
SoMgg XM =—X—=
ABT D T

S ABLCD



(<)

(d)

(e)
(@

Determune whether line segments AB and CD are parallel. perpendicular or neither, in
each of the following cases.

(1)  A(-1:-3).B(2:1) and C(4:-1). D(7:3).
(2)  A(l;-3). B(2:1) and C(4:-1), D(7:3)
(3)  A(l;-3), B(2:1) and C(-3:1). D({1:0)

(1)  Line segment AB is parallel to line segment CD. A(-5; -1) and
B(-3;a) are pomts on AB. C(—4;-3) and D(-1; 3) are points on CD.
Calculate the value of a.

(2)  Line segment AB 1s perpendicular to line segment CD. A{-5;2) and
B(b;-1) are pomts on AB. C(—4;-3) and D(-1;3) are points on CD.
Calculate the value of b.

Show that pomts F, B and N are collinear of F(3;2), B(4;-2) and N(7;-14).
Calculate the value(s) of x 1if R(x; 4), U{x-1;x+4) and N{0;13), are collinear.

A(3:4). B(-1;7), Cix;-1) and D{1:§) are pomts on the Cartesian plane.
Calculate the value of x i each case if.
(1) ABJ|CD (2y ABLCD (3) B.CandD are collinear



Past examination questions on Analytical Geometry
QUESTION 3

In the diagram below, E(p; 8), F(=2; -3), G and H(8; 7) are vertices of rhombus EFGH.

The diagonals EG and HF intersect at M and cut the x-axis at K and R respectively.

-~

y

E(p;8)
H(E;7)

F(-2; —3)Z

3.1 Calculate the:
3.1.1 Coordinates of M
3.1.2 Gradient of FH
3.1.3 Size of MKR
3.2 Use the properties of a rhombus to calculate the value of p.

3.3 Calculate the coordinates of G.

10

(2)
(2)
(4)
4)
(2)



QUESTION 3

In the diagram below, P(7 ; 4), Q(6; 6), R(0; 3) and S(/ ; k) are the vertices of quadrilateral

PQRS.

3.2

S )
(%)

34

3.5

3.6

rs \
R(O0:3)K _OP(1:4)

Calculate the length of PQ. Leave your answer in surd form.
7.2 T% . R ; :
If T(E; 5) is the midpoint of QS, determine the coordinates of S.

If the coordinates of S are (1 : 1), show that PR =QS.

Show that QR LRS.

Hence, what type of special quadrilateral is PQRS? Motivate your answer.

Calculate the size of RSQ.

11

(2)

)

)
4)
(2)

()
[16]



QUESTION 2

In the diagram below, A(1;3), B(x;y) and E(-2;-1) are points on a Cartesian plane.
C(2: 1) is the midpoint of AB. Also, F is a point such that AF=FB and AF LFB.

V1
A(l;3)
F
C2;1)
E(-2;-1) B(x:y)

2.1 Determine the:

2.1.1 Length of AE (2)

2.1.2 Gradient of AC (2)

2.13 Coordinates of B (3)
2.2 BE is joined to form a special quadrilateral AFBE. Name the special quadrilateral

AFBE. Give full justification for your answer. (3)
23 Calculate the area of AAFB. (5)

[15]

12



